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Abstract
In this paper we investigate the structure and motion
problem for calibrated one-dimensional projections of a
two-dimensional environment. In a previous paper the
structure and motion problem for all cases with non-missing
data was classified and solved. Our aim is here to classify
all structure and motion problems, even those with missing
data, and to solve them. Although our focus here is on onedimensional retina, the classification part works equally
well for ordinary cameras, and we give some results for
those as well.

1. Introduction
Understanding of one-dimensional cameras is important
in several applications. In [12] it was shown that the structure and motion problem using line features in the special
case of affine cameras can be reduced to the structure and
motion problem for points in one dimension less, i.e. onedimensional cameras. Thus solution to 1D structure and
motion problems have been used to solve structure and motion problems for lines, [12, 3].
Another area of application is vision for planar motion. It
is shown that ordinary vision (two-dimensional retina) can
be reduced to that of one-dimensional cameras if the motion
is planar, i.e. if the camera is rotating and translating in one
specific plane only, cf. [7]. In another paper the planar motion is used for auto-calibration [1]. A typical example is
the case where a camera is mounted on a vehicle that moves
on a flat plane or flat road.
Our personal motivation, however, stems from the autonomous guided vehicles, called AGV, which are important
components for factory automation. The navigation system
uses strips of inexpensive reflector tape, beacons, which are
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put on walls or objects along the route of the vehicle, cf.
[10]. The laser scanner measures the direction from the
vehicle to the beacons, but not the distance. This is the information used to calculate the position of the vehicle.
One of the primary vision problems (both 1D and 2D
retina) is the so called structure and motion problem. For
AGV’s this is the procedure to obtain a map of the unknown
positions of the beacons using images at unknown positions
and orientations. This is usually done off-line, once and
for all, when the system is installed and then occasionally
if there are changes in the environment. High-accuracy is
needed, since the map has to be hard-coded in the system.
The performance of the navigation routines depends on the
precision of the surveyed map.
The overall goal of this work is to solve all solvable
structure and motion problems. The purpose of this paper is
twofold. Firstly, tools are developed to classify the minimal
structure and motion problems with missing data. Tentative
results are given both for 1D retina vision, but also for the
ordinary camera. Secondly, solutions to the structure and
motion problem are given for some of these minimal problems.

2. Problem formulation
One example of sensors with one-dimensional retina is
a laser scanner as used in laser navigated vehicles. This
sensor can be shown, cf. [4], to follow the well known pro   
jection equation:

(1)
Here the camera matrix is calibrated, i.e. it has the following
form:
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equation (1) can be written as
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Motivated by the previous discussion the structure and
motion problem will now be defined.

 
Problem 2.1. Given some
of the bearings
to beacons from
 different positions      
 where is an index
set representing which beacons  are visible from image


 . The surveying problem
 is to find the depths
number
   , the reconstructed points  and the camera matrices  such that


  
 
  
   
 


In this paper the interest lies in classifying such problems. As such we will consider the problem with both
beacons and cameras in general positions. The question
whether a structure and motion problem is well-defined or
perhaps even over-constrained depends on the structure of
the index set .
In a previous paper [4] we considered only the cases
where all beacons are visible in all views. The conclusion there is that the structure and motion problem is welldefined if and only if there are at least 3 views of at least 4
beacons, excluding the case of 3 views of 4 images.
If it is possible to solve a case with a subset of cameras
and beacons, then it is relatively easy to extend that solution to other cameras and points by well known techniques
called resection and intersection, [4]. Thus the solution of
any well-defined case above are based on the only two minimal cases with non-missing data, i.e. 4 views of 4 beacons
and 3 views of 5 beacons.
The goal of this paper is to repeat this for the case of
missing data. Depending on the index set a structure and
motion problem can be either
ill-defined, if there is not, in general, enough data to
constrain all unknown variables.
well-defined and minimal, if there is exactly enough
data to constrain the unknown variables (up to a discrete number of solutions).
well-defined but over-constrained, if there is more than
enough data to constrain the unknown variables.
Some of the minimal cases contain a minimal case as a
subproblem. An example of this is the case with four points
seen in five images, but where the fourth point is missing
from the fifth image. It is minimal, but contains a subproblem (the problem with the first four views only) which is
well defined and minimal. We will use the notation prime
problem for a minimal problem which does not contain a
well defined minimal problem as a subproblem. A minimal

but not prime problem may in some cases be solved by first
solving an underlying prime subproblem and then extend
this solution to the solution of the minimal problem using
resection and intersection. In other cases the prime problem
may be embedded in the minimal problem in a more complicated manner. We first observe that similar to the case of
non-missing data a well-defined but over-constrained problem contains as a subset a problem which is well-defined
but minimal. Thus by finding the minimal cases and solving
them, we should be able to solve all well-defined problems.
As the classification is based on the index set alone, it
is interesting to study these sets. In this paper we consider
these sets as binary matrices, visibility matrices, A of size

where black denotes missing data and white denotes
a measurement beacon which is present. In the paper we
will use the notation   to denote the number of elements in
the set .

3. Conditions on prime problems
In this section we will give some of the conditions for
prime problems, i.e. well defined minimal problems, which
do not contain subproblems which are minimal.
A first characterization of such problems is that they contain exactly the same number of equations as unknowns.
Each object point has two degrees of freedom and each
camera state has three. The solution is only defined up to
a similarity transformation. This manifold has dimension 4.
Using points and  cameras we thus have     
degrees of freedom in the parameters. Each measured bearing gives one constraint on the estimated parameters. Thus
for a problem with visibility index set we have   equa.
tions. Thus prime problems have  
  

Since the maximum number of equations with
views
of points is  it is easy to see how many measurements
to obtain prime problems,

 that have to be occluded


 
     . This number is shown in Table 1.
We will use the notation
germ for a configuration whose in
dex set fulfills        . Notice that for the case
where all points are visible in all images there are only two
prime problems.
Another necessary condition for prime problems is that
each point must be visible in at least 3 views and that at least
4 points must be visible in each view. If this is not the case
then a point or a camera can be removed and the problem is
still well-defined. Thus if the original problem is minimal
and well defined, then the subproblem is also minimal and
well defined. Using this condition it is straightforward to
show that no further prime problems for the case of 3 views
and no further prime problems for the case of 4 points exist.
An empirical method for determining whether a problem
is minimal and well defined is to calculate the Jacobian of
the bundle adjustment problem and study its singular val-
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1. The
number of excess constraints



     for the structure and
motion problem with  images of points.
l
n
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8
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8
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1 4 7 10 13
6
2 6 10 14 18
7
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ues. We have used this technique to empirically single out
interesting problems.

4. Equivalence classes of index sets
The labeling of the cameras and of the beacons are of
no consequence to the structure of the problem under study.
Two index sets are considered equivalent if one results from
the other by suitable relabelings. The problem addressed in
this section is to count the number of index sets which may
be considered essentially different, that is, non–equivalent
in the above sense.



Definition 4.1. An index set is said to be of type    
if it represents a situation with  images and points, in
which exactly
  points are not visible in all of the images,
that is, if   
.

From this definition it is clear that an index set of type
  
  –matrix
  can be represented
 
 a binary

by
 

with  
if   
, and  
otherwise,

 . The possible index sets of
and such
that     
  
type
 are thus in one–to–one correspondence with
the set
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Let
denote the group of permutations on  symbols.
With each permutation  
is associated a 
–
 
permutation matrix
, which will be denoted simply
by  .


Definition 4.2. Two 
–matrices and  are said to
be permutation
 equivalent, if there
 exist permutations 
 and 
 such that 
   . If and  are
permutation equivalent then we write   .
The notion of equivalence of index sets can now be given
a formal definition



Definition 4.3. Two index sets and are called equivalent, and we write  , if their corresponding matrix
representations are permutation equivalent.

The relation  is easily seen to be an equivalence re   
lation. It follows that
 (or the corresponding index sets) can be partitioned into equivalence classes
      
of matrices (or index sets). The number of es sets is thus
 seen to be exactly the
sentially different index

same as the number        of equivalence classes.

 remainder
Let the type     be fixed 
throughout
the

of the discussion. To compute 
     , notions and
results from group theory will be used. Our reference here
is to Section 3.6 of Fraleigh’s text [8].
First,
 denote
  the product
 group
 
     by  . Secondly,
if 
   and
 , then a group
action of  on
is defined by the formula
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   if and only if
Thus two matrices
satisfy

there exists 
such that  

 . The equivalence
      

classes
of  correspond to the orbits in

under the action of  . Therefore  can becomputed
 by
 following


the
formula
of Burnside; For any   let


denote the set of matrices which are
fix-points under action by  . Then

! 

 
(5)
  "#
While (5) solves our problem in theory, there are still some
practical problems
 to overcome. First, given"#  , how

  must
do we compute  ? Secondly,
the sum 
 $ $ becomes very large very
be evaluated, but as  
quickly, the shear size of  may become an obstacle, unless
the evaluation is performed

cleverly.
 
 
A permutation 
 
 may be regarded as an
  permutes the  entries of
element of
  , as
&
%


. Let       ' be the factorization in  of  into
a product of commuting (ordisjoint) cyclic permutations. It

is now easy to see that
if and only if, the entries
in , which equal zero, are arranged in such a manner, that
any cycle  is either completely occupied by entries equal

to zero, or contains no such entry at all. It follows that  
equals the number of ways in which  zeros can be allocated
to 
entries, such that the condition just described is

satisfied. It is clear from this discussion that   only depends on  ’s cycle structure (the number of cycles and their
lengths).


Definition
is a permutation in  symbols, let
 If 
    (  4.4.
      , denote the number of ( –cycles in the

factorization of  into commuting cycles. The cycle index
of  is the polynomial

) *  *      *
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If . /
is a (sub–)group of permutations,
)0 *  * then
*the cy
cle index
 of .) is*the* polynomial

"0 2       * .
. 1  2

5. Finding equivalence classes

 germs for
Table 2. The
number  of distinct

    .
different    
n
m 4
5
6
7
8
3 0
1
1
3
6
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3
16
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1402
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It follows

fromthe theory


developed
in [14] that  
 $

* )  *  *      *   
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 , for any



 . This formula solves the first of our two problems.

Furthermore, it follows from Burnside’s formula (5) that
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It turns out that the cycle index
is reasonably
easy to

compute when . is all of . Now, 

 is a
proper subgroup of  , so in view of (7) our second prob)#
when the cylem above becomes: How do we compute
cle indices of  and  are known? Again the authors
of [14] provide the answer; They introduce a new operation beside the usual addition and multiplication, denoted ,
on the ring of polynomials in the infinitely many variables
*  *  *     
, and with rational coefficients. The “product” is associative, commutative and distributive over both
*
 and , so it suffices to describe on monomial factors 
* 
and , in which case

*  * 





*      
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where (  is the least common multiple of ( and . The
authors of [14] then proceed to prove the following beautiful
)#
result, which we have used to compute
:
Theorem 4.1 (Wei and Xu). If . /  and 
)0
(sub–)groups, then .
/  , and  
Example
The cycle index of



if 
then



/
)0  )are
.
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so
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and it follows from (7) that      

)#

When solving the different minimal cases it is important
to have representatives for the different equivalence classes
of one minimal case, in order to be able to determine which
are prime.

When finding
the equivalence classes for diff
erent     it is enough to investigate configurations of

type   from which other configuration easily can be
derived. In the light of this we will concentrate our efforts
on such configurations.


If one were to generate all index sets of type  


there are

 such configurations. This is a very large

 the
number as increases. If one has already calculated

equivalence

  classes for the configurations of type

  

the number of possible candidates for
can
be reduced substantially.
Lemma 5.1. Given and  two
matrices that are


permutation

equivalent; If  is given by the 

-matrix that is extended one row and one column with
ones, and where one non-zero element is set to
then
  zero,




there exists a matrix that is given by the 
 matrix that is  extended one row and one column with
ones, and where one non-zero element is set to zero, such

that  and are permutation equivalent.
Proof. The proof is obvious.
This leads to algorithm 5.1.
Algorithm 5.1. (Finding possible candidates for equivalence classes).



of each
 
1. Given a representative
equivalence
class of




   
type
, (







     where
2. For each
construct  
is
the
-matrix that is
extended one row and one
column with ones.






 is
3. In there are
non-zero elements.

given
to zero,
  by setting the -th
 nonzero element of


.




The procedure for calculating  , described above, was

implemented in Maple. Using this program
we are able to


compute  for any given type     . Table 2 contains
the

number of distinct germs  for the first few types     ,
with  given by table 1.

This gives a number of possible candidates from which
representatives of the equivalence classes can be selected.
Using algorithm 5.1 the number of possible candidates has






  . For instance if

 
  , then    and this leads to a reduction from
 
to  
.

been reduced from


 to




Short of trying all permutations there is no easy way of
establishing if two index sets are permutation equivalent. If
one is to check all possible permutations of a
matrix



there are $ such possibilities. This is rather undoable
even for moderate . In this section we propose an algorithm that uses a different approach.
If we have a set of matrices we try to permute each matrix to a standard form. This is done by solving the minimization problem stated in (9) for each in our set of ma

trices.

    
(9)



Here

is given by
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and  are the entries in . For each
-matrix,
with

zero and one entries, is injective since
represents

the binary number with the
entries of
as its digits.


This means that in (9) exists uniquely for every .
The problematic part of the minimization is finding the
global minimum. We have used a local search method when
we do the minimization, and inevitably we end up with not
finding the global minimum for every matrix in our list. One
way of getting away from a local minimum is to start the
minimization again from a position away from the starting
position. This can be done by randomly permuting the given
matrix and then use the minimization routines on the new
matrix. The steps are described in algorithm 5.2.


Algorithm 5.2. (Comparing matrices).
1. Given a number of matrices


 each
2. For
create



of .

3. For every
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for some and 



Since we for every given configuration     can calculate the number of equivalence classes according to section 4 we can use algorithm 5.2 until we have found the
right number of distinct matrices.
The motivation for the success of algorithm 5.2 is the following. Let’s say that we have two matrices that are permutation equivalent, but that have ended up in different minima
after our minimization, and for simplicity assume that these
are the only two minima that we may end up with, from different starting points, after our minimization. If minimum
  of all starting matrices and minimum two atone attracts

tracts
then the probability that the two matrices stay


in their
respective
minima after the useof algorithm 5.2 is


 with probabil. This is maximized for


ity equal to  1
which tends rapidly towards zero as
increases.



Table 3. The
number

different     .
5 6 5
 4 4 5
2 4 4

 1 3 3

of prime problems for
5
6
6
6

7
4
6
5

6
5
7
22

8
4
8
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Returning to our original problem of finding the prime
problem configurations, we are now able to find represen the different primes. For a given configuration
tatives for
  
 the equivalence classes

can be chosen from the

equivalence classes for      where configurations with
less than 3 ones in each column and less than 4 ones in
each row have been removed as well as the configurations
that can not be contained in a 
matrix.
We have calculated the equivalence classes for some of
the first minimal cases using the algorithms described in this
section. In table 3 the number of minimal configurations for
these cases are given.

In figure 1 the prime problems
for the configurations of


type      and      are given. Configurations 1a-c
seem to be connected to configurations 1d-f. The similarity
can be explained using a technique that Carlsson developed
in [5, 6].
Theorem 5.1. The calibrated structure and motion problem
 to the calibrated
with points and  images is equivalent
structure and motion problem with   points and
images.
The theorem is based on singling out one special point,
which must be visible in all views. By using this point as a
reference point (origo). It is possible to exchange the cameras for beacons and vice versa. Thus a structure
motion
  and



is dual to
problem with visibility matrix    1
  

 1  . Using this
one with visibility matrix   
1
duality one can see that the configurations in figure 1a-c are
dual to the configurations in figure 1d-f. If one has the solution to one structure and motion problem the solution to its
dual problem can easily be calculated.

6. Classification of 2D retina problems
The tools of Sections 4 and 5 work equally well for ordinary vision problems. For example for the case of 3 uncalibrated views of 8 points there are 6 distinct germs. Of
these 6 germs, 4 are ill-defined, and of the two remaining
minimal problems one is prime, cf. [11]. For 3 views of
9 points there are no minimal configurations. For 3 views
of 10 points there are 33 distinct germs (30 are ill defined,
two are minimal but not prime and one is prime, see figure 2. The 2D retina problems will be studied further in a
near future.
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Figure 1. The 3 distinct configurations
for



prime problems
of type      (a-c) and of
type      (d-f).
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then we want to solve the equations
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Figure 2. The 3 minimal cases of type  









7. Solution of some minimal cases
There is only one prime configuration for the case of five
points in five images. This is the case where one sees five
points in two images. In image three, one point is occluded
and in image four another point is occluded. We will start
by finding the solutions to this case.
Theorem 7.1. The surveying problem with four views of
five points


  
 
  
   
 


with such that point 1 is missing in view 3 and point 2 is
missing in view 4 (see Table 4) has in general three solutions.
Proof. We introduce a coordinate system such that the first
camera is given by












Then we can parameterize the structure with the depths in
the first image,
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Taking the resultant of  and   with respect to
gives a homogeneous polynomial in  of degree seven.





 
 




 
 

  
 




(
 
 





One of the seven solutions is created from the resultant calculations, and will not fulfill the original
equa

  ( polynomial
    including
tions. This gives six solutions for
the trivial one. Of these, two are complex and are a result
of our parameterization,
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This leaves three non-trivial solutions.
There are three prime problems for the case of five points
in five images. We will now solve the surveying problem
for the case of five points in five images with four measurements missing as shown in figure 1a.
Theorem 7.2. The surveying problem for five images of five
points,


  
 
  
   
 


with given by figure 1a has in general three solutions.

Using equation (3) we can write the projections in the remaining three images as


       


  
      









 


 

and of
Taking the resultant of  and  with respect to

and   with respect to
gives respectively polynomials
 
and  of total degree three,

for 2D retina. Of these (a) and (b) are minimal
but not prime and (c) is prime.

)







Proof. As in the previous case we can use the first image
to parameterize the structure. The remaining four images
are then used to solve the problem. Thisgives
sec  (    four
 . These
ond degree polynomial equations in

Table 4. Some bearing measurements
0.6929 -0.7825 -1.9347 0.3263 -0.6421
0.3206 -0.9479 -1.8732 -0.0041 -0.8289
—– -2.5202 2.4474 -0.9746 -2.3323
2.3024
—– -1.0540 1.8991
0.6499

In the paper we have given methods for calculating the number of such problems with a given size and also methods
for finding representatives of each such problem. We have
also begun our work on actually designing algorithms that
solve the structure and motion problems for some of these
instances. More work is however needed in order to understand and solve these problems. We hope to be able to give
more results in this direction in a near future.
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